In this paper, we give some conditions under which approximate fibrations can be approximated by locally trivial bundle maps.
Introduction
Recall that an approximate fibration is a proper map p: M -> B between locally compact ANRs such that p satisfies the following homotopy property: Given an open cover e of B, an arbitrary space A and two maps g: X -» M and F: X x I -► B such that p ° g = F0, there exists a map G: X x I -> M such that Gq = g and p o G is e-close to F . The purpose of this paper is to investigate conditions under which approximate fibrations can be approximated by locally trivial bundles.
In [23] , L. S. Husch showed that an approximate fibration p: Mn -> Sx (n > 6) can be approximated by a locally trivial bundle map if and only if p is homotopic to a Hurewicz fibration. Furthermore, he gave an example of a closed manifold M and an approximate fibration p: M" -»51 (n > 6) such that p cannot be approximated by a Hurewicz fibration. T. A. Chapman and S. Ferry [5] obtained the same result for Hubert cube manifolds. Also they gave an example of an approximate fibration p : M" -> S2 (n>5) which is homotopic to a locally trivial bundle map, but cannot be approximated by a locally trivial bundle map [7] . In [19] , R. E. Goad obtained that if p: Mn+2 -» Bn (n > 6) is an approximate fibration between manifolds whose fiber is shape equivalent to the torus T2, then p can be approximated by a torus bundle.
Later we extend Goad's result, proving that if p: Mn+2 -► B" (n> 3) is an approximate fibration between manifolds whose fiber is shape equivalent to a closed orientable surface F2 with nonpositive Euler characteristic, then p can be approximated by a locally trivial bundle.
Let Fm be a compact manifold. We denote by S(F) the set of equivalence classes of the form [/] , where /: Mm -* Fm is a homotopy equivalence of a compact manifold Mm to Fm which is a homeomorphism of dM to dF . By using the above theorems, we have the following main result. For notation, H is the space of self-homeomorphism of Fm with the compact-open topology, and G is the space of self-homotopy equivalences of Fm with the compactopen topology. Theorem 1.3. Let B" be an n-dimensional polyhedron, p: Mm+n -> B" be an approximate fibration whose fiber is homotopy equivalent to a closed manifold Fm , where Mm+n is an (m+n)-dimensional manifold, and m+n > 5. Suppose the natural inclusion map H -> G satisfies (1) Tti-monomorphism for 0 < n -2, (2) Sq(T x V x F) = 0 for i + j = n.
Then p can be approximated by a locally trivial bundle map.
For the completion of this paper, we give some applications as a consequence of the main result.
The following notations will be used through this paper. If a is an open cover of F, then a homotopy ht : X -> F is an a-homotopy provided that each set {ht(x)\0 < t < 1} lies in some element of a . If /: E -> A is any map, where A is path connected, then we define ÏÏ = {(e,w)eEx Br\f(e) = w(0)}. (B1 is the space of paths in B), and p : f -> B by p(e, in) = w(l) fox (e, w) e iZ.
Then /?: I? -» A is a Hurewicz fibration (the mapping path fibration). Note that there is a homotopy equivalence g: E -> F such that /? o g-is homotopic to /.
Two Hurewicz fibrations px : Ex -► B and p2: E2^> B are said to be fiber homotopy equivalent if there exist maps f:Ex -> E2 and g: E2^ Ex preserving fibers in the sense that p2° f = Pi and px ° g = p2 such that g ° f -Idf, and / o g ~ ld¿r2.
Preliminary results
In this section, we review some results needed to understand the main results in §4. In particular, we give classification theorems for locally trivial bundles and Hurewicz fibrations with respect to fiber homotopy equivalence. These can be found in [13, 30] . We begin by the following definitions. 
cp: F -► p~x(x) is a homotopy equivalence. The projection p is given by p(cp) = p(cp(F)), and G operates in Ë by composition cp(h) = cp oh , for <p e É, h eG.
Other essential facts about quasifibrations, principal, and universal principal quasifibrations are given in [13] . We state the following classification theorems of locally trivial bundles and Hurewicz fibrations. It is natural to ask whether approximate fibrations between manifolds can be approximated by locally trivial bundles. Before we consider the general case, we restrict to the case when the base space is a contractible manifold. As we mentioned in the Introduction, T. A. Chapman [6] gives criteria under which we can approximate maps into locally trivial bundles by homeomorphisms.
As an immediate consequence of Theorem 1.1, we have the following.
Corollary 3.1. Let p: Mm+" -» R" be an approximate fibration whose fiber is homotopy equivalent to a closed manifold F, and m + n > 5. Then for some n~x (e)-equivalence fi: M -► R" x F, o(f) vanishes if and only if p is approximated by a trivial bundle (n denotes the projection to R").
Proof. "Only if. It is obvious by Theorem 1.1.
"If. Suppose p is approximated by a trivial bundle q: M -> R" . Then there is a fiber preserving homeomorphism h: M -> R" x F . Since p and q axe arbitrarily close, h: M -» R" x F is a 7t_1(e)-equivalence with o(h) = 0 for arbitrary small e > 0.
The following corollary shows that any approximate fibration over R" with some special fiber is unique up to isomorphism. Proof. It is obvious by Corollary 3.1.
Sometimes surgery theory indicates that certain compact manifolds F satisfy S(T" x F) = 0. For example, it follows from [24] that if Fm is a K(n, 1) with n poly Z and m + n > 5, then S(T" x Fm) = 0. Also any sphere Sm satisfies S(TnxSm) = 0. Now we consider an approximate fibration p : Mm+n -► B" between manifolds whose fiber is homotopy equivalent to a compact manifold F, and B" is contractible. Then from the homotopy exact sequence for approximate fibration, there is a homotopy equivalence g: M -► B x F such that q o g is homotopic to p, where q: B For example, we show that any approximate fibration over B whose fiber is homotopy equivalent to F, a closed Riemannian manifold with nonpositive sectional curvature value, can be approximated by a trivial bundle. We will apply later the technique used to prove the above paragraph. First we begin by stating the results we will be using later in this paper. In particular, the first one is the periodicity theorem for the surgery of topological manifolds. Theorem 3.3 [24] . For any compact topological manifold Mm and m > 5, S(M) = S(I4 x M). Theorem 3.4 [18] . Let Fm be a closed Riemannian manifold whose sectional curvature value is nonpositive, and f: Mm -> Fmxlk be a homotopy equivalence such that f\dM: dM -> d(F x Ik) is a homeomorphism, where M is a compact manifold with k + m > 5. Then f is homotopic to a homeomorphism via a homotopy which is constant when restricted to dM. Proposition 3.5. Let p : Mm+n -> Bn be an approximate fibration whose fiber is homotopy equivalent to Fm, which is a closed Riemannian manifold whose sectional curvature value is nonpositive, B" be a contractible manifold, and m + n > 5. Then p can be approximated by a trivial bundle. Proof. First notice that Theorem 3.4 implies S(Fm x V) = 0 for m + j > 5.
According to Theorem 1.2, it is enough to show that S(F x P x V) = 0 for i + j = n.
Y. H. IM
We apply Theorem 3.3, and then we have S(F x P x V) = S(F x P x V+4) so that we can apply Farrell's splitting theorem [16] . We use induction on /. (2) (Wn ; An, Ai) is a relative /t-cobordism in the sense that
where W" is the manifold obtained by cutting W along A. By induction on i, we have S(F x P+4 x T'~ ' ) = 0. Thus, we may assume that fi' Wn -* F x P+4 x T'~x x [0, 1] is a homotopy equivalence so that fi | A, (i = 0,1) is a homeomorphism, and then fx is homotopic to a homeomorphism (reit?). This implies the given map fi : W -> F x P+4 x T' is homotopic to a homeomorphism (xeldW). In other words, S(F x P+4 x P) = S(F x V x P) = 0 for i + j = n.
Hence the conclusion follows from Theorem 1.2.
Next we consider examples of approximate fibrations which cannot be approximated by locally trivial bundle maps. As we mentioned in the Introduction, L. S. Husch has described an approximate fibration p: M" -► Sx (n> 6) such that p cannot be approximated by a locally trivial bundle map [23] . Before we proceed further, we give a result [6] , which is used in Examples 3.7 and 3.8. In the following examples, we show that some approximate fibrations p: Mm+n -» Tn and p: Mm+n -> R" whose fibers are homotopy equivalent to Nm = L3xTm~3 cannot be approximated by locally trivial bundle maps for m+n > 6, where L3 is a Lens space with 7Ti(L) = Zpi (p: prime) and Tn is the ndimensional torus. Example 3.7. Let L3 be a 3-dimensional Lens space with nx (L) = Zpi (p : prime), and Tm~2 be the (m -2)-dimensional torus. We consider M™+x = L3 x Tm'2 (m + 1 > 6). Rewrite M0 = L3 x Tm~2 as Nm x Sx , where A = L3 x Tm-3.
M™+x
Farrell and Hsiang [16] showed that there exists an A-cobordism (Wn+2; r["+1) such that Mq is not homeomorphic to Mx, but the obstruction to splitting Mx into N'xR vanishes, where A' is a codimension 1 submanifold of Mx. We consider a homotopy equivalence fix : Mx -> Mq , which is the composition of the following maps , , inclusion Tlr deformation . , Mx -► W -> Mq. Sx by e(x) = e" Since the obstruction to splitting Afi into N' x R vanishes, we can restore fi by the wrapping up process (see [6, 28] ), and hence there exists a homeomorphism h: M -► Mx such that f oh ~ fi (see Lemma 7.3, [6] ).
If k is large enough, n o f: M -> Sx is close to an approximate fibration p: M -> Sx by Proposition 3.6, where n: N x Sx -> 5"1 is the projection.
Claim, p: M -> Sx cannot be approximated by a locally trivial bundle.
Otherwise, p is approximated by a locally trivial bundle q : M -> Sx . Then q is e-homotopic to n o fi for arbitrary small e > 0. By the homotopy lifting property, there exists a fiber homotopy equivalence g: M -» A x Sx such that fi^g.
Since xiSx) = 0, the Whitehead torsion t(g) in Wh(AxS') is zero [2] , and hence x(fx) = x(f) = 0. Then the A-cobordism (W; Mq, Mx) is homeomorphic to the product. Thus, Mq = Mx. This is a contradiction. Similarly we can extend so that there are some approximate fibrations p : Mm+n -► T" (m + n > 6) whose fibers are homotopy equivalent to Nm = L3 x Tm~3 which cannot be approximated by locally trivial bundle maps. Claim, p: M -> A1 cannot be approximated by a trivial bundle.
Otherwise, there exists a homeomorphism h: M -* N x Rx such that h is 7T_1(e)-close to /. Since the obstruction to splitting Mx is zero, by the wrapping up process, we can recover fx: M -> N xSx. In other words, there is a ?~'(e)-equivalence f:Mx^>NxSx such that /~ fi . By the uniqueness of the wrapping up process [6] , we find a homeomorphism h: Mx -> NxSx = M0 . This is a contradiction.
By the similar inductive procedure in Example 3.7, we can extend so that there are some approximate fibrations p: Mm+n -> R" (m + n > 6) whose fiber is homotopy equivalent to Nm = L3 x Tm~3 which cannot be approximated by trivial bundle maps. In this section, we find some conditions so that approximate fibrations between manifolds can be approximated by locally trivial bundle maps.
Recall that for a closed manifold F , H is the space of self-homeomorphisms of F with the compact-open topology, and G is the space of self-homotopy equivalences of F with the compact-open topology. We define the following group; Kk = ker{7tfc(H, e) -> nk(G, e)} for all k > 0, where e is the identity map of F.
Lemma 4.1. Let F be a closed manifold, q: E -> Ak (k > 2) be a locally trivial bundle with fiber F. Suppose q is fiber homotopy equivalent to the product bundle n: Àk x F -> Ak. Then there is an obstruction o(q) in Kk_2 which vanishes if and only if q extends to a locally trivial bundle q: E -> Ak with fiber F.
Proof. By Theorem 2.3 (classification theorem), for the equivalence class of such a locally trivial bundle q: E -> kk (k > 2), there is the associated element in ker{7t,t-i(AH) ~* nk-i(^G)} ■ Notice that we can identify ker{7r^_!(AH) -> nk_x(BG)} with Kk-2. In fact, from the commutative diagram, Hence, we can define o(q) as the corresponding element in Kk_2. It is obvious that o(q) is well defined for the equivalence class of q: E -» À* by the classification theorem.
Suppose the obstruction a(q) vanishes. Then q: E -> Àk is a trivial bundle, and hence there is an isomorphism a : àk x F -► E. If we define E by Ê = Ak x F UQ E, then q : E -» Ak extends to a locally trivial bundle q : E -> Ak .
It is obvious that o(q) vanishes if q: E ->• Ak has extension q: E -» Ak . Remark. For a 1-dimensional polyhedron B and a Hurewicz fibration p: f -> A whose fiber is homotopy equivalent to F , there exists a locally trivial bundle q: E -4 B with fiber A which is fiber homotopy equivalent to p: ê? -> B, since every locally trivial bundle over the 0-skeleton extends to a locally trivial bundle over the 1-skeleton.
We consider a Hurewicz fibration p: W -> B2 (polyhedron) whose fiber is homotopy equivalent to a closed manifold F . By the above remark, there exists a locally trivial bundle q: E -* A(1) with fiber F, which is fiber homotopy equivalent to p\: %Z\ -> 5'1'. Then we have the following result. Proof. For each Á2 in A(1', there exists an obstruction cr(^|Ä2) in A0 which vanishes if and only if q extends to a locally trivial bundle over 50) u A2. Thus, in order to extend q: E -» A(') to a locally trivial bundle over B, we have an obstruction as follows:
where A is the collection of indices of A2 in A(1) and A¿ is a copy of An for each í e A. Then t(<?) is well defined for the equivalence class of q: E -► A(1) since o(q\A2) is well defined for each A2 in A('). Therefore, the proof follows easily from Lemma 4.2.
For a Ä:-dimensional polyhedron Bk (k > 2) and a Hurewicz fibration p : £ -> B, we inductively define obstructions in the direct product of copies of A, for 0 < i < k -2 so that if all obstructions vanish, then p:W -► B is fiber homotopy equivalent to a locally trivial bundle q: E -► B . Then for some locally trivial bundle q: E -> A(') -with fiber F, which is fiber License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use homotopy equivalent to p\: W\ -> B^x), there are obstructions, with increasing order over skeleta, in the direct products of copies of A, for 0 < / < k -2 which vanish if and only if p:% -* B is fiber homotopy equivalent to a locally trivial bundle q: É -> B with fiber F. Now we consider an approximate fibration p: M -> B whose fiber is homotopy equivalent to a closed manifold F . First we observe the following. Lemma 4.5. Let p: M -» B be an approximate fibration, and q: E -► B be a Hurewicz fibration. Suppose g: M -> E is a homotopy equivalence so that p is homotopic to qog. Then p~x(b) is shape equivalent to q~x(b) for each beB. Proof. By the homotopy lifting property for q , we find a homotopy equivalence / (~ g) such that p = q o f.
Consider the following long exact sequence
where ñk(p~xb) denotes the kth shape homotopy group of p~x(b) (analogous to the homotopy group). From the five lemmas, f\p~xb induces isomorphisms of ñk(p~xb) and nk(q-xb) for all k. Notice that p~xb is FANR [8] . The
Whitehead theorem (for shape) implies f\p~xb: p~xb -» q~xb is a shape equivalence for all beB [26] .
For an approximate fibration p: M -> B whose fiber is homotopy equivalent to a closed manifold F, we consider the mapping path fibration p : W -> B , where r = {(e, w) e M x B¡\p(e) = w(Q)}.
(B1 is the space of paths in B), and p: iZ -> B is defined by p(e, w) = w(l) for (e, w) e %. By Lemma 4.5, p~x(b) is shape equivalent to p~x(b) for each beB. Since
IT and all fibers of p are ANR's [1] , all fibers of p are homotopy equivalent to a closed manifold F. This observation gives us the following.
Proposition 4.6. Let p: M -» B be an approximate fibration whose fiber is homotopy equivalent to a closed manifold F. Then there exists a locally trivial bundle q: E -> B with fiber F and a q~x (e)-equivalence fi: M -► E for arbitrary small e > 0 if and only if the mapping path fibration p: «? -► B of p is fiber homotopy equivalent to q: E -» B.
Proof. "Only if. Suppose fi: M -> % is a /?-1(ei)-equivalence for small enough ei > 0, and /: M -> E is a i?_'(e)-equivalence for small enough £>0. If fi: E -* M is a homotopy inverse of /, then pofiof is homotopic to q: E -► B. By the homotopy lifting property for Hurewicz fibration, there is a fiber homotopy equivalence q: E -> f .
"If. Suppose g: % -» E is a fiber homotopy equivalence. Since there exists a p~'(e)-equivalence fi: M -> %> , the composition g o fi is a <7-1 inequivalence for small enough e > 0.
As a result, we have the following theorems. Theorem 4.7. Let Fm (m > 3) be a closed manifold satisfying S(F x I' x P) = 0 for i + j = 2, and p : Mm+2 -► B2 be an approximate fibration whose fiber is homotopy equivalent to Fm, where M is a manifold (dM = 0) and B is a polyhedron. Then for some locally trivial bundle q: E -> A('); there is an obstruction in the direct product of copies Ao which vanish if and only if p is approximated by a locally trivial bundle with fiber F. Proof. It follows from Theorem 1.2, Theorem 4.3, and Proposition 4.6.
Remark. As before, for a 1-dimensional polyhedron B and a closed manifold pm (m > 4) satisfying S(F x I' x P) = 0 fox i + j = I, any approximate fibration p: Mm+X -* Bx with fiber F can be approximated by a locally trivial bundle.
For a closed manifold F, let C(F) denote the space of all concordances of F, i.e. C(F) is the function space of all homeomorphism of F x [0, 1] onto itself that fix F x 0. We have the following corollary. Proof. n0(C(F)) = 0 and S(F x /) = 0 imply that the inclusion H -♦ G induces a 7ro-monomorphism. Thus, by Theorem 4.7, the conclusion follows.
Remark. For simply connected closed manifold Fm (m>4), it is well known that n0(C(F)) = 0 ;
(1) for n > 5, it is due to J. Cerf [3] , (2) for n = 4, it is due to F. Quinn [27] . If we combine Theorem 1.2, Theorem 4.4 and Proposition 4.6, we get the similar result for the codimension k (> 2) case.
Theorem 4.9. Let Fm be a closed manifold satisfying S(F x I' x P) = 0 for i + j = n, and p : Mm+n -> B" (m + n> 5) be an approximate fibration whose fiber is homotopy equivalent to Fm, where M is a manifold (dM = 0) and B" is a polyhedron. Then for some locally trivial bundle q: E -► A(1) with fiber F, there are obstructions, with increasing order over skeleta, in the direct products ofi copies of A, for 0 < i < k-2, which vanish if and only if p is approximated by a locally trivial bundle with fiber F.
The following will be the essential key to prove Theorem 1.3. Finally, if we combine Theorems 1.2 and 4.7, we obtain Theorem 1.3 giving the condition whether approximate fibrations can be approximated by a locally trivial bundle maps or not.
Applications
In this section, we give some specific examples of closed manifolds which are homotopy equivalent to fibers of approximate fibrations which can always be approximated by locally trivial bundles.
First, we consider the codimension 1 case. Notice that if F is any closed «-manifold and p: Mm+X -» Sx is a proper map such that each p~x(b) is locally flat in Mm+X and homotopy equivalent to F, then p: Mm+X -> Sx is an approximate fibration [9] . Thus, we have the following result. Next, we consider the codimension 2 case. In [10] , R. J. Daverman showed that every closed orientable surface F2 except x(F2) = 0 is a codimension 2 fibrator. In other words, for an arbitrary manifold M4 and any use decomposition G of M into copies of F2, the decomposition map p : M4 -► B2 (= M/G) is an approximate fibration. Then we show that M4 x Sx has a locally trivial bundle structure. We begin with the following results to show that the induced homomorphism 7rn(H, e) -» 7To(G, e) is an isomorphism. Theorem 5.3 [32] . Let A3 be a closed Haken 3-manifold. Then the induced homomorphism 7to(H, e) -> 7to(G, e) is an isomorphism. Theorem 5.4 [25] . Suppose h: SxxS2 -► SxxS2 is a homeomorphism homotopic to the identity. Then h is isotopic to the identity.
As a consequence, we have However, it is well known that S(F2xIj) = 0 for2 + ;>5 [6, 24] , and Wh(fxr') = 0 for all/ [18] .
By the same argument as Proposition 4.6, we can show that S(F x Sx x P x V) = 0 fat i + j = 2.
Then the conclusion follows by Theorem 1.3. Similarly, for a sphere S", we know that the induced homomorphism 7to(H, e) -» 7To(G, e) is an isomorphism. Also, S" is a codimension 2 fibrator for « > 2 [12] . Therefore, the following is an easy consequence of this observation.
Theorem 5.6. Let G be a use decomposition of arbitrary manifold Mm+2 into copies of S" (n > 3). Then the decomposition map p : Mm+2 -► B2 can be approximated by a locally trivial bundle map. Proof. As before, we can easily show that S(Sn x P x V) = 0 for i + j = 2 [6] .
Finally, we show that if F2 is a closed orientable surface with x(F) < 0, then every approximate fibration p : Mm+2 -» B" (n > 3) whose fiber is homotopy equivalent to F2 can be approximated by a locally trivial bundle, which is the promised generalization of R. E. Goad's result [19] .
Lemma 5.7. Let F2 be a closed orientable surface with x(F) < 0-Then the natural inclusion H -» G induces n¡-isomorphisms for all / > 0. Proof. If F2 is the torus, by work of M. E. Hamstrom [21] , the inclusion H -> G is a homotopy equivalence. We assume that F2 has genus at least 2. For i = 0, 7to(H, e) -» 7to(G, e) is an isomorphism (for more details, see [14] ). M. E. Hamstrom has shown 7t,(H, e) = 0 for all i > 1 [22] . Since F2 is aspherical, we have 7ti(G,e) = 0 for/>l and nx(G, e) = Z(nx(F)), the center of nx(F) (see [20] ).
Thus, we have 7ti(G,e) = 0 forall/>l since Z(nx(F)) = 0 for /(A) < 0. Therefore, the induced homomorphism 7T,(H, e) -» 7r,(G, e) axe isomorphisms for all / > 0.
Theorem 5.8. For an approximate fibration p: Mn+2 -» B" between manifolds whose fiber is homotopy equivalent to an orientable surface F2 with x(F) < 0 and n > 3, p : Mn+2 -► Bn can be approximated by a locally trivial bundle. Proof. By Lemma 5.7, the induced homomorphism 7r,-(H, e) -► n¡(G, e) axe isomorphisms for all / > 0. We consider two cases.
Case 1. A is a polyhedron. As before, it suffices to show that S(F x P x V) = 0 fox i + j = n.
But this is obtained from the proof of Proposition 3.5 because A is a closed Riemannian manifold whose sectional curvature value is nonpositive.
Case 2. B is not a polyhedron. We can choose a polyhedron Bx which is homotopy equivalent to B [3] . We 
Here g is a homotopy inverse of /, (1) and (3) are pull-back diagrams which are obtained by the same argument as Case 1. Thus, q: Ex -> Bx is a locally trivial bundle with fiber F , fi2 is a fiber homotopy equivalence, and q: E -> B is also a locally trivial bundle. If we define / = fi o/2o/3, then / is a homotopy equivalence and p o fi is homotopic to q. By the homotopy lifting property, p : I? -> A is fiber homotopy equivalent to a locally trivial bundle q: E -> B. Hence, the conclusion follows by Theorem 1.2 and Proposition 4.6. R. J. Daverman showed [11] that every closed orientable surface F2 of genus at least 2 is a PL-fibrator (= PL codimension fc-fibrator for all k). As a consequence of Theorem 5.8, we have the following. Corollary 5.9. If B is a polyhedron and p : Mn+2 -tfi" (n > 3) is a PL-map from an orientable PL-manifold Mn+2 onto B" such that each point preimage is collapsible to a 2-complex which is homotopy equivalent to F2, a closed orientable surface of genus at least 2, then p can be approximated by a locally trivial bundle.
